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Abstract 

The asymptotic conformal invariance of some SU(2) model and Standard 
Model in curved space-time are investigated. We have examined the condi- 
tions for asymptotic conformal invariance for these models numerically. 
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Typeset using REVT^ 



I. INTRODUCTION 



The asymptotic behavior of quantum field theory(QFT) in curved space-time is quite 
important in the early Universe considerations. The typical action for the arbitrary renor- 
malizable theory(including scalar sector) in curved space-time has the following form 

S = J (r'x^f^{Lmatter + ^^^V^^ + ^ext) (l) 

where Lmatter is the same Lagrangian as typical for fiat space-time (with changes 9^ 
and 

L^xt is the Lagrangian for external fields . It is quite well-known that 
the asymptotic behavior of an arbitrary QFT is best investigated through renormalization 
group(RG) where coupling constants are getting effective coupling constants. 

In the action Eq.(|l|) the new scalar-gravitational coupling constant ^ appears (if compared 
with flat space-time). The asymptotic behavior of this effective coupling in non-abelian 
asymptotically free gauge theories has been flrst investigated in Ref. [0]. In these works, 
Buchbinder and Odintsov has shown that at high energies (strong curvature) the beautiful 
phenomenon, asymptotic conformal invariance, may be realized. It means that ^(t) — > | as 
t — > oo where t is RG parameter, i. e. in matter sector theory is trying to become conformally 
invariant at high energies. (Later on, the other types of C, {t) behavior have been found 
like I ^{t) H oo or ^(t) = ^ for a theory |I|-g) 

The value of ^ is important in realization of different types of inflationary Universe. For 
example, for some inflationary models ^ should be very large. 

In the present letter, we study the behavior of ^(t) in SU(2) gauge theories with spinors 
and scalars introduced in Ref. |^ in flat space-time. However, we study its behavior not 
in asymptotically free regime on special solutions of RG as it has been done in Ref. 
but in general solutions (hence, numerically). We flnd that the theory is still asymptotically 
conformally invariant. In the section 3, we discuss the RG behavior of ^{t) numerically in the 
Standard Model(SM). It is found that SM does not have asymptotic conformal invariance 
in general except for a special case, Co = |- 
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II. SU(2) MODEL IN CURVED SPACE-TIME 



In curved space-time, the SU(2) gauge theory with scalars and spinors had been in- 
vestigated when the gauge couphng g, Yukawa couphng h and quartic scalar couphng / 
are asymptotically free on special solutions of RG equations 0. We have investigated the 
behavior of in general. 

The form of the SU(2) gauge theory in curved space-time is [Q] 



k=i 

+ l{Dfvi>r - ^/.e"'=V(.)V^?.)¥'c - ^ivir + l^R^% (2) 



This action contains scalars (f"", spinors ip'^ belonging to adjoint representation of the gauge 
group and gauge fields A^; a = (1,2,3), k = (1, 2, 3, m), m is the number of spinor 
multiplets. D^^^ is the general covariant derivative, and it is defined as follows; 

D^Vfe = V^5"V6 + ige^^'A'l^i;, + ^cofa^p^, (3) 
where the matrices cJq,/? are given by the relation 

and cu^^ is the spinor connection which satisfies the torsionless condition; 

d,e: - d^el + e,puf - e^puf = 0. (4) 



2 



From the above, following four equations are obtained using the Schwinger-De Witt tech- 
nique 

{4nr^ = -{U-fm)g\ (5) 
(47r)2^ = 16h^ - 2V/^^ (6) 
(47r)2| = - 24// + 72/ + 16fh' - 96h\ (7) 
(4vr)^f = (e-^)(^/ + 8/.^-12/). (8) 



The special solutions of g'^it), h^it) and Pit) are 



/^'W = (^ + ^m)/(t), (10) 
nt) = {^m + fm'-^^)g\t). (11) 



These solutions are asymptotically free for m = 1, 2. 

With the above asymptotically free solutions, the solution of ^ is 



e=(eo-^)(l + c/t)"+^, (12) 



where 



1 ,5 120 32 , 207 1 , 

B = -\-\ m+—m? + 8- + -m -12. 13) 

167r2^3V 11 11 22 ^8 3 ^ ^ ^ ' 

For m = 1, ^ ^ I as t ^ oo (f ^ -0.38 < 0). 

For m = 2, ^ ^ oo as t ^ oo (f ^ 7.58 > 0). 

This case has been investigated in Ref. already. 

However we investigated the RG-solution of ^ for the general solutions of the other 

couplings {h and /). The general solution of the h^it) is 

hHt) = oHt) i9l)-''^hl<^^' .^4. 

'^\9l)-'^hl + {g^{t))-na.H-hir ^''^ 
1 ,5 1 , 
""^^8 + 3"^^- 



It is the unique solution(Eq.(||) can be linearized). The h'^it) has asymptotically free solution 
only if m = 1,2. For m > 3, the h'^{t) becomes negative. The initial value of is crucial. 
Due to the positivity condition, only for /ig < (| + l^)go = solution is meaningful. 

In the case of equality, the general solution is reduced to the special solution of Eq.(|TO|) 
[Fig.l]. 

The solution of / has two types. If the solution of h'^it) is the special one(z.e. = h^, 
we have the analytical solution; 

Qo + A + X{Qo-A) 



fit) = 9\t)A 



Qo + A-X{Qo-A)' 



where Qo = A = ^ff (5m + fm^ - f ), X = (I + cg^t)^ 



llA 



(15) 
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[Fig.l]. Plot of the Yukawa coupling having its initial value hs and Hq smaller than hg 



The solution becomes the special solution Eq.(|TOD for Qq = A, i.e. fo = Ag^ = fg. 
For Qq > A, {i.e. fo > fs), the solution has a singularity. For m = 1 and 2, A ^ oo as 
t oo because c and ^ are positive. In this case, we have an approximate solution of f{t) 
as follow; 
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/(t)^-/(t)^-(5m+-m2--), (16) 

which is negative even though very small at large t [Fig. 2]. In the case of = h^, f{t) 
changes its behavior near /o = fs sensitively. For < h^, it is very hard to deal with the 
Eq.(|^ analytically. From the definition of a and c, ^ = — 1| for m = 1 and ^ = — ^ for 
m = 2. 




Therefore h'^{t) decreases much faster than g^{t) for m = 1,2. Then we can ignore h 
terms at large t. Thus, Eq.(^ becomes 



(47r)^| = y/^-24// + 72/. (17) 



The solution is 



11 (3 - t&n[fjn{l + cglt)]{^f - a) 11 



where /3 ^ ^J,(-lm2 - 12^ + 

For /o > fs and /o < fs at h"^ < hlj., it is difficult to manipulate the equations analytically. 
Thus, numerical solution is investigated for this case. The initial qq is given by go = 0.650 



1^. In the case of < h"^, the f(t) are similar to a parabola independent of choice of /o 
[Fig.3]. 
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[Fig. 4]. hj^it) is asymptotically free. f{t) becomes small negative, ^(t) goes to ^. 



The solution of ^ in the case of = h"^, /o 7^ fs at large t is 



^=i^o-l)il + cg',t)T + ^, (19) 
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where 

1 , 5 /24~69 ,51,, 

D = — \ —(— + 5m + -m2 + 8 - + -m - 12 . 20) 

167r2^ Syil 16 3 ^ ^8 3 ^ ^ ^ ^ 

For m = 1 and 2, ^ ^ ^ as t ^ oo, because ^ is negative [Fig.4]. But the potential gets 
unstable because fit) becomes negative at large t. For < h^, we can ignore h'^(t) for large 
t in Eq.(||). Then, Eq.(||) becomes 

Then, the solution of for large t is 

^ = (^0 - h exp[ln[cos {9 + k)^] + ln[(l + c^^t)-^^""^^)] + const] + I, (22) 

D 



where 



9 = 1^ ln(l + cg^t), K = arctan[2£^4 + a]. 
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Therefore, ^ ^ \, when t ^ oo for m = 1, 2. 



III. STANDARD MODEL IN CURVED SPACE-TIME 

Nowadays, the Standard Model(SM) is considered as the most believable theory. We 
may ask whether the SM has the asymptotic conformal invariance in curved space-time! We 
have investigated the question through the SM one-loop RG-equations. 

We choose a gauge the 'tHooft-Landau gauge. In this gauge the, W^, Z and photon are 
transverse, and the associate ghosts are massless and couple only to the gauge fields; the 
would be goldstone bosons G^^G have a common mass driving from the scalar potential 
only. Moreover, the gauge parameter is not renormalized in this gauge, so it does not enter 
into the RG equations 

The effective potential V^cj)) through one- loop is 

V{<P) = m\ h, g, g') + ^m^^^ ^ ^^^4 



4 /x^ 2 4 /x^ 2 2 /x^ 6 



+ -Z\\n - - ^) - 3T2(ln --^-)] + ...,. (23) 

4 yU^ D jj,^ 2 



where 



K = 167r2, H = m^ + -A0^ (24) 
^ 6 



The SM one-loop RG-equations are [^|| 



levr^^ = -ugi (27) 

levr^^ = Qh' - 16^3^/.^ - ^//.^ - ^^g''h\ (28) 



dt 



3\g'' + Ig'' + Ig'g'' + (29) 



16vr^^ = (e - g)(2A + 6h' - - ^g''), (30) 



where g, gs, h, A, and ^ are U(l), SU(2), SU(3), top quark Yukawa (other Yukawa 
couphngs are ignored), quartic scalar, and non-minimal couplings respectively. Especially, 
/3-functions for gauge couplings are 

/5.' = ^^7'^(^rz+l), (3, = g%^n-f), (31) 



where n is the number of generation {n = 3 yields the above results). The equation for ^ is 
obtained using the technique of Ref . [|1| . 

At /i = Mz, the initial values are ^ 
go = 0.650, 
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g'^ = 0.358, 

= 0.10,0.11,0.12,0.13, 
/lo = 1.17, 

= Ao, 

where we have used the top quark mass lS9>GeV in deciding the initial value of h{t) [§. 

The analytical solution for U(l), SU(2), and SU(3) couplings can be easily found as 
follow; 

9'\t) = 'I (32) 
9\t) = T-4-3T, (33) 

alit) = , i° , • (34) 

Because the other equations seem to be impossible to have analytical solutions, numerical 
solutions are investigated. 




5 10 15 20 25 30 35 40 45 t 
[Fig.5]. Plot of the U(l), SU(2) and SU(3) gauge couplings at 0:3=0.13. 



9 



Fig. 5 is the graph of gauge couphngs for eta = 0.13. Increasing the input value of 0:3 
causes h to decrease faster as t increases [Fig. 6]. 
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[Fig.8]. Plot of the ^ with its initial value -1/6, 0, 2/6, 3/6 for mt=188GeV and 03=0.13. 



The quartic potential coupling A is very sensitive to it's initial value [Fig. 7]. There is a 
critical Aq such that A(t) is positive at all scale for Aq > Xcrit, which means the stability of 
electroweak vacuum. Requiring the stability of the electroweak vacuum results in the lower 
limit on Mh [|7|, p!0| , [Tl| . In this analysis, we found the mass of the Higgs as Mh >l7SGeV at 



as = 0.13. 

The behavior of ^(t) for SM is similar to a shooting motion [Fig.8]. Standard Model does 
not have asymptotic conformal invariance at high energy except the case = 1/6. However, 
some other extensions of SM may have asymptotic conformal invariance. Moreover, if we 
consider a grand unified model at high energy, some GUT models might have the asymptotic 
conformal invariance compared with the results of Ref. [[l| where SU(N) asymptotically 
conformal invariant GUT models have been found. 

IV. CONCLUSION 

In some model of the SU(2) gauge theory with scalars and spinors, there exists the spe- 
cial initial value condition of h and /, which makes all couplings asymptotically free. In the 
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case of the general solution of RG-equations of couplings, it is found that the theory has still 
asymptotic conformal invariance. In Standard Model, it is found that ^ does not approach 
to I asymptotically in general. However, if Standard Model has asymptotic conformal in- 
variance, ^ should be | at all scale (it's unlikely). Even though there is no asymptotic 
conformal invariance in Standard Model generally, but it may happen that other extensions 
of Standard Model or some GUT models may have it MjM- 
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